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Abstract. This paperrefers to several other analytical methods used in the research of drawing,
otherthanthe classic.
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Introduction

The research of the stamping process was performed with both analytical and experimental
methods. In the category of analytical methods for drawing research, in a previous paper was
presented the method of solving equilibrium equations [6], and in this paper will be presented two
other methods used for this purpose.

1. The sliding line method

In the case of a solid body subjected to a flat stress state, at any point on a surface inclined to an
xOy coordinate system, two normal stresses and one tangential will act. For a certain position of the
surface it can be like T = 0 and as a result the normal stresses have extreme values, called main normal
stresses (o1, 62) [4].

As a result, for any point inside a semi-finished product subjected to deformation, there are two
perpendicular directions on which the unit forces G| and G, act and two other directions inclined with
respect to the first by 45°, after which tmax = K acts. Under these conditions, taking into account
different points on the surface of the material to be processed, a network consisting of two systems of
curves will be obtained, at which the tangents have the direction of the main normal stresses. In
relation to these two systems, two other curve systems can be built, in which the tangents have the
direction of the maximum tangential stresses (Fig. 1).

By processing the relations that give the plane state of efforts [1] we arrive at the differential
equations of the sliding lines:
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Fig.1. The network consists of two systems of airves
corresponding to the unitary efforts and other two systems
that comrespond to the maximum tangential stresses

Taking into account the relationships:
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equations (1) - (3) become:
O, =G + K-SIN20:; (7)
G, = Oy — K-SiN20.; ()
T,y = —K-c0s2a. )

The tangents to the sliding lines have the directions of Tmax = K. They intersect the axis Ox under
the angles o and (o.+ 7 / 2). As aresult, the differential equations of the sliding lines are:

dy) . .
(dle = tga; (10)

(:—il =tg(a+gj. (11)

Integration of the plasticity equation

Inside a body subjected to a state of flat stress, an O point is considered, through which two
mutually perpendicular sliding lines pass (Fig. 2. [1]). In the xOy coordinate system, the tangent T
taken to the sliding line &, forms the angle a with the axis Ox. It is known that along the sliding lines,
the tangential stresses are maximum and remain constant.

It is considered a volume element in the shape of a triangular prism, arranged so that the inclined
surface AA is tangent to the sliding line & at point O and the other two surfaces are perpendicular to



Fig. 2. Representation of the volume element. of the sliding lines,
necessary to understand the integration of the plasticity equation

the coordinate axes. The aim is to determine the value of the average normal voltage, reason for
which the projections of the forces in the direction of the normal N are made, obtaining:

CnedA =0 dA cosa +o,dA, sina —tdA, cosa —tdA sina (12)
Considering that:
dA, =dA-sina; (13)
dA, =dA-cosa; (14)
result: G pmeg = O, €OS” 0L+, SiN” o —T5iN 20t . (15)
Differentiating the relation (15) in relation to a we obtain:
(;_G:(GX —Gy)-sin2a—2-t-0052a (16)
o
From relationships (7) - (9), (16) result:
do g =2Kda (17)

When the hypotenuse “ab” coincides with the sliding direction 1, will result in the relationship 17.
Therefore, in the general case it is considered:
do, ., =+2Kda . (18)

Integrating the differential equation (18), along the sliding line, from point “a” to point “b”, we
obtain:

med

6, -0, =+2K(a, —a, ) or o, -6, =+2Ka,, . (19)

The relation (19) represents the integral of the plasticity equation or the integral of Hencky and

shows that if we know (oa) - the average normal stress at point “a” and (ob) - the angle of rotation of

the sliding lines from “a” to in “b”, the value of the average normal stress acting at point “b” can be
determined.

In order to construct the network of sliding lines when drawing a cylindrical part (Fig. 3 [1],[21]),

it is observed that at a certain point in the flange of the semi-finished product the radial tension ¢, and

the tangential tension o arise, which are intersected by the sliding lines under a angle of 45°.
d D R
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Equation (18) becomes:
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In point “b”, we have:

G =0, Too = (0, =0, )/2=K =0y, =(o, +Gta)/2=—K.

P
In point “a”, we have:
Gpa- Gu=2k = Gy, = (5, +0, )/2 =c, —K.

From the last three relations it results:

R
G, =2KIn—.
r
For K=0.5 - oc and a certain radius p, the stress required for deep drawing becomes:

G, =0, In?.

Fig. 3.. Representation of the state of tension and of the sliding
line at a certain pointin the flange of the semi-finished product
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2. FEM

In ([17], [21]) a presentation of the finite element method (FEM) is given. Initially, the two types of
approximations are defined: non-nodal and nodal. For this we know some values of the exact function
uex in some points and to determine the values it takes in other points it is necessary to construct an
approximate function of the formu (x, ai, ..., as) so that:

a,

u(x):Pl(X)a1+...+Pn(X)an = u(x):<P1(x)...Pn(X)> 3 :<P> {a} (26)

and u, (x)=u(x)=(a,...,a,)
where: a; represents the general parameters of the approximation; with P(x) the basic functions of the
approximation were noted; the relations (26) correspond to the non-nodal approximation.
If the approximation error e(x) = u(x) — U, (X) =0in any node xi, then the nodal parameters

(nodal variables) are obtained U, (Xi ) = U(Xi ) = U, and the relation (26) becomes:
U
u(x)= N (x)u, +-+-+ N, (x)u, or u(x)=(Ny(x)---N,(x): ¢ =(N){u}, 27)
u

n
wherein the relations (27) correspond to the nodal approximation and N(x) represent
interpolation functions that verify the relation:
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In the case of a Lagrange nodal approximation Wit(h “n” points, the relation (28) becomes:
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For domains of complex shape with a large number of nodes, the approximation is made with the
finite element, which involves the analytical definition of all subdomains into which the initial domain
was divided (elements) and the construction of interpolation functions Ni(x), corresponding to each
finite element. The notion of reference element, V, is introduced, which has a simple shape and isin a
reference space and which can be transformed into any of the real elements V¢ by a geometric
transformation (Fig.4 [17]) of the form:

v:5 > x(g) x(&)= [N i, | (30)
in which N the functions of geometric transformation have been noted, which are polynomials as a
function of £ and are constructed similarly to the functions of interpolation N(&).

In the space (x, y) we worked with the approximation function u(x), and in the space (&, n) we
worked with the function u(&, n), the relation between & and x being defined by (30). The functions

u(&) #u(x), but take the same value at the corresponding points by transformation.
To construct the N (&) functions and the coordinate vector of each element {Xn }, two tables are
drawn up: CORG and CONEC. CORG contains all the geometric nodes (1, 2, ..., n) provided with the

nodal coordinates [(X1Y1)' : ~,(Xnyn )], and CONEC contains all the elements {1, 2,---,Nel | defined by

the list of numbers of the geometric nodes (1, 2, ..., n¢). In order to establish the list of nodes of an
element, it is necessary to adopt a direction of movement of the element.
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by the geometric transformation t
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Tabel 1. The table CONEC

Elements | List of geometric node numbers
1 l....... ne

2

Nel np...... n ?1

Tabel 2. The table CORG

Knots [ Nodal coordinates
1 X1 Y1
2 X2 y2
n Xn Yn
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For “n” interpolation nodes with x, coordinates (which may or may not be confused with geometric
nodes) located on the real element V¢ and an exact function uex(x), a nodal approximation of the form

(27) can be constructed, ie:
Uy (%) = ulx) = (N(x ), } (31)

in which: {un } = U, (Xn) represent the nodal variables and the interpolation functions on the real
element V¢ were denoted by N(x).
Is used on the reference element V' a nodal approximation uex (&) having the form:

Ue (&) = u(g) = (N, |, (32)

wherein N (&) represents the interpolation functions on the reference element V".

While the functions N(x) depend on the coordinates of the nodes of the element, so they differ from
one element to another, the functions N(§) are independent of the geometry of the real element V¢, so
they can be used for all elements with the same element of reference characterized by: its shape, its
geometric nodes, its interpolation nodes. There is no systematic manual technique for constructing

N(&) and N(ﬁ) functions, but experience has allowed them to be found for a number of classical

elements. They have the same properties and are constructed from Lagrange polynomials. The general
construction method includes the following steps:
a) Choosing the polynomial basis



On the reference element VT is expressed u(§) as a linear combination of known functions
(generally independent monomials) Pi (§), ..., Pn (§), of the form:

u(&)=(P(e)..P &) ¢ =(Pe)ia}. (33)

The above relation corresponds to the generalized approximation. In this relation was noted the
generalized variables of the element with "a," and the nodal approximation with u(&) <N(<§)>{a}

The number of functions P(&) is equal to the number of nodal variables ({u.}) and they form the
polynomial basis of the approximation, which can be complete or incomplete.
To build the function N are chosen:
x(&)=(PE)a,}
y(e)=(Pe)), ) (34)
2(8)=(P&))a, }

where {ax}, {ay}, {a,} represent the generalized coordinates of the element.
b) Relationships between generalized variables {a} and nodal variables {u.}
In each interpolation node (&) the relation U, (é) ~ u(i) = U, isvalid and taking into account (33)

we obtain:
P1(§1) Pz( 1) Pn(&q)
ul=|PE) Pl&) - Pl&) et lu=[P]la}=fal=[P]" {u,}
PE) P&)  P&)

@[P,IHif det(P,)=0)

The relation (34) written in the geometric nodes becomes:

J=Pled =]t
yn Fk or y:F]fh (36)

=Pl =Pl

¢) Expressions of the functions N and N
From the relations (33) and (35) results

u(g)=( B "
oE)=( } = (PE))IP.] (37)

From the relations (34) and (3 6) results

&)= (L0} - (P
V)= (Pele, )= (PP | 5y 1 N
o <[ >]< it €)= (PE)lP.] (38)

These operations are performed once for all real elements, which have the same reference element.

(35)
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The assembly of the element equations for obtaining the equations on the whole domain of work
can be done by the following methods: direct integration of the system equations; determination of
external forces and moments, when stresses or deformations are known; solving a system of simpler
equations, when entering experimentally obtained data.

3. Application of these analytical methods of research of the drawing process

In [17] the program finite element FORGE?2 is presented.

The finite element method is the most used method for modeling sheet metal deformation
processes, for determining the drawing limit curves ([ 15], [23]), or for determining their deformability.
Also, this method allows the optimization of cold plastic deformation processes, including drawing
[10]. In [3] is presented a way to analyze the deep drawing process using the finite element method,
which aims to solve the nonlinear geometric problem of plasticity theory with the finite element
method, the modified Lagrange formulation and the Newton - Raphson method. Also for deep
drawing, in [20] is presented an algorithm for numerical integration of the relations corresponding to
the finite deformations of an anisotropic elastoplastic material. The mathematical model takes into
account the friction between the punch, the plate and the active plate, the punch can have any shape.
The exemplification was made on a cylindrical box and there is a good concordance between the
values of the stresses obtained experimentally and numerically.

The finite element method is also used to determine the deformability of sheets ([ 12], [16]), which
is an important feature for the correct assessment of the use of semi-finished products in order to
obtain quality parts. In [19] a study on the plastic instability that occurs during deformation is
presented. Thinning of the sheet occurs when there are unevenness of the deformation speed. After the
appearance of static instability, the direction of deformation can no longer be controlled as until the
moment of its appearance. At the end of the process, a local thinning occurs because the process
satisfies the conditions of kinematic instability.

The study of the influence of some factors on the coefficient of friction at the deep drawing of the
parts is presented in the paper [22]. The factors considered are: the degree of drawing, the pressure on
the contact surface ([2], [22]), the dimensions of the semi-finished product, its initial thickness. The
research method used to determine the coefficient of friction by solving on the computer the equations
of the drawing stresses by Miiller's method is described.

The method of determining the critical load and the limit coefficient for deep drawing of
cylindrical parts is given in [7]. The research of the loss of the stability of the flange of the semi-
finished product and of the appearance of the corrugations with the formation of wrinkles at the
stamping is presented in ([24], [25]).

The drawing with the deliberate thinning of the wall thickness of the anisotropic materials is
presented in [ 13], and the choice and use of materials for this process is presented in [11]. In [18] the
case of obtaining food beverage containers by deep drawing with thinning of the thickness of the semi-
finished steel and aluminum sheet is presented. The studied problems were: lubrication, crack
formation and prevention of their appearance, removal of the piece from the punch, cutting the edges.
The obtained results allow to increase the precision of the parts and to optimize the choice of the
material from which the mold is made.

In [9] the theoretical analysis of the stress state is performed depending on the force applied on the
deformed material, in case of successive stamping with thinning of the wall. The formulas for the
calculation of stresses, forces and the permissible degree of deformation limit when stamped with a
conical and cylindrical punch in one or more successive dies are presented. The limit deformation
control mechanism is established, which specifies the ways to intensify the drawing processes as the
friction conditions are adjusted on the surface of the mold and the angles of inclination of the molds.
The concordance of the calculation results with the experimental data led to the design of the
technological processes for drawing the deep cavities.

A research on the compatibility of tool and semi - finished material when drawing metal sheets is
presented in [8].



In [14] is presented a methodology for determining the number of passes required for drawing, the
drawing coefficient for the second and subsequent operations required to obtain cylindrical parts. The
basis of this methodology are the equations of the theory of plasticity and the theory of minimax,
whose application allows the prediction of the influence of technological drawing regimes and
mechanical properties of the material on the drawing limit coefficient. This methodology contains a
program that allows the establishment of the limits of the range of values of the drawing coefficient
for each passage, aspect that is the basis for the design of the technological process of manufacturing
the parts.

Using software designed on the finite element method (COSMOS, LS-DYNA, MARC-Mentat) it
was possible to analyze the state of stresses and deformations [5] that arises from the stamping of
small cylindrical parts, obtained from strips of different materials, characterized of different
plasticities.
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