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Abstract. The problem of determining the failure rate of a series system according to the failure
rates of the component elements is solved in the literature, a reference in the field being the work
[4]. There is no direct relationship between the failure rate of a parallel system and the failure rates
of the component elements. In this paper we will deduce an exact relation between the failure rate
of a parallel system and the failure rates of the component elements, their reliability and the
reliability of the system. Starting from the exact relationship we will deduce a simpler relation of
the failure rate of a parallel system by studying the asymptotic failure rate behaviour.
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1. Introduction
Let r(t) the failure rate of a simple element, r:[0,00) — [0,00) and R(t) its reliability defined by:
R:[0,00) - [0,1].

In the work [4] demonstrates that: r(t) = — L R ond R(t) = e_fot r(v)-dr

: R(t) dt ’

Let it be a series system with n components eq,e,, --,e, having fault rates, respectively
1y (6), 12 (8), -+, 1 (8).

In the work [4] it is shown that between the failure rate of the series system r(t) and the failure rates of
its components 1y (t) there is equality: r(t) = Yr—, 1% (t).

In the works [1], [2], [3], [4] and [5] there is no relation to calculate the failure rate of the parallel
system depending on the failure rates of the component elements and their reliability.

We will deduce a similar relationship for the case of parallel systems.



In Section 2 we will briefly describe the results for the series systems. In Section 3, we will deduce the
exact relationship between the failure rate of the parallel system and the component failure rates, their
reliability, and the reliability of the parallel system. We will also deduce from asymptotic considerations a
simplified expression of the failure rate of the parallel system. In Section 4 we will indicate future
development directions.

2. Series system
Consider the series system with n components ey, e,,:+, e, with the respective reliability R, (t),with
k=12,---,n, connected in series (Figure 1).

R, (t) R,(t) R, (t)

Figure 1. Series system

By definition, a series system is in operation if all of its elements are in working order. The serial
system is faulty if at least one of the elements is faulty.
Let's note with:
R:[0,00) — [0,1] , R(t) the system reliability;
1 dR
R(®) dt’
Ry:[0,0) — [0,1], Ry (t) the e, element reliability for k = 1,2, -+, n;

r:[0,00) — [0, ), r(t) the system failure rate, r(t) = —

t
1%:[0,00) = [0,0), r(t) the e, element failure rate, 1 (t) = —R;(t)% and Ry (t) = e Jo k(a7 gor
k
k=12 ,n
In the works [1], [2], [3], [4] and [5] it is demonstrated that equality takes place:
R(®) = Ry (0)  Ro(t) - -+~ Ry (1) (1
and
r(©) =r () +12(8) + -+ 1,(0) ()

We will deduce in Section 3 a relationship similar to the relation (2) for parallel systems.

3. Parallel systems
We consider a system with n components ey, e,, -, e, with the respective reliability Ry (t),with k =
1,2,---,n, connected in parallel (Figure 2).

Ry(t)

R, (1)

Ry ()

Figure 2. Parallel system



By definition a parallel system is in operation if at least one of the components is in operation.

By definition, the system does not work if all of its components are defective. The system works until
the last component fails. They are supposed to fail independently of each other.

Let's note with:
R:[0,0) — [0,1], R(t) the system reliability;

r:[0, ) = [0, ), r(t) the system failure rate, r(t) = — ﬁz—lz;
Ry:[0,0) — [0,1], Ry (t) the ey, element reliability, k = 1,2,--+,n;
7i:[0,00) = [0, 00), 7(t) the ey element failure rate, 73 () = —— 1@ d‘Zk k=12-,n

Events are considered: Let it be considered the following events:
E event of good system operation at probability P(E) = R(t);
Ei, E,, -+, E, the good functioning events of the components ey, e,, -+, e,,, With probabilities:
P(Ey) = Ri(2). 3
Because E N E = @ (¢ the impossible event) and E U E = (2 (Q the safe event) it follows that events
E and E form a complete system of events and therefore: P(E) + P(E) = 1.
Let it be considered the following random variables:
T the random variable of the operating time until the first system failure;
T}, the random variable of the operating time to the first component failure ey, k = 1,2,---,n
Under these conditions equality takes place: T = max{Ty, Ty, :+, Ty}
We consider {T < t} the event that the system will work until the moment t and {T}; < t} the operation
event of the component e, up to the moment ¢, k = 1,2,--,n
It is obtained:
{T<t}=UL Uk= AT, < t} and from here {T > t} = NF_,{T) = t}. In other words, equality is achieved:
E = N{-1 Ex.
Applying the probability is obtained: P(E) = P(N} 1@)
from which it follows that: 1 — P(E) = P(ﬂ};l@) and P(E) =1-— P(ﬂ}(;l(E_k)).
Because P(E) = R(t) and P(E),) = Ry (t) follows:
P(E)=R(t) =1—-[[}-1 P(E) =1 —TTje1(1 — P(Ep)) = 1 — [Tj=1(1 — Ry (t)) and therefore:
R() =1—Tf=1(1 — Re(®).

Deriving in both members of equality:

R(t)=1- f{lzl(l - Rk(t)) there is obtained: % = Yr=111Ip= (1 —R (t)) Ry
p*k
. _ (1=R1(®)(1-Ry ()~ (1-Rp(t)) _ 1-R(®) . . . .
Because: l'[g:}c (1 - R, (t)) = L 1_;}( o = Truo LIS obtained that:
dRg  1-R(®) _ (. 1 4R
Zk 1 4t 1-R (t)_( R(t)) Zk 11 —Rp(t) dt’
The above relationship is amplified w1th and equality is achieved:
1 dR__l R(t)_ 1 dRg
TR dt  R@) Xk= 11-Re(t) dt )

The term ARy , by amplifying the counter and the denominator with Ry, (t) becomes:

1-Rg (t) dt’



Ri(t) 1 dRy

1-R(t) Rp(t) dt’

Equality is achieved:

_ 1 daR_ 1R yn _R(® 1  dRg
R(t) dt  R(t) k=11_R,(©) Rk () dt
___1 4R —__1 4Rk : : .
Because r(t) = TORET and r(t) = FRGEET the relationship (3) becomes:
1-R(t) R (t)
r(t) = R(t) ’ ;{lzl 1_I;k(t) ' rk (t) (4)
and hence:
R(t) . _\n R (t) .
re T® = Zh=17p 5 Tk (O &)

Next we will use the geometric series.

As is well known for any real x with the property |x| < 1 equality occurs:
= =2iZox¥' =1+x+x?+ - +x"+ -, inwhichn € N*

Because |Ry(t)| < 1 development is achieved:

o = 1RO+ (Re(®) + -+ (Re ()" + -

1

Each term (Rk (t))p can be approximated by 0 for any p = 2, p € N*. It can thus approximate

Ri(®) 2
1—;k(t) = R (®) + (Re (D))" = Re (D).

1-Rg(t)

by 1 4+ Ry (t) and from here we can approximate:
Because |R(t)| < 1 development is achieved:
L_— 14RO + (R + -+ (RO + -

1-R(D)
Each term (R(t))p can be approximated by 0 for any p > 2, p € N*. It can thus approximate RO
by 1 + R(t) and from here we can approximate: :;t()t) =R(t) + (R (t))2 = R(t).
Using these approximations the relationship (5) becomes:
R(t) - 7(t) = Xi=1 R (£) "1y () (6)

from which it is deduced the asymptotic value of the failure rate of the parallel system according to the
failure rates of the component elements, their reliability and the reliability of the system:

() = 755" Shet Ri(®) i(0) (M

4. Conclusions
In this paper we determined the exact expression of the failure rate of a parallel system according to the
component failure rates, the component reliability and the parallel system reliability (relation 4) and the
asymptotic value of the failure rate of a parallel system according to failure rates of component elements
and their reliability (relationship 7).

The authors intend to obtain a refinement of the relationship (7) through further research.
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