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Abstract:  Some dynamical systems with biological significance are well described by mappings depending 
sensitively on one or more parameters. The environment fluctuations can change these parameters and, 
along with them, the desired behavior of the system. In order to maintain a fixed activity (even in such 
conditions), a number of control approaches have been proposed. In the paper, extensive computer 
simulations have been provided to show the efficacy of a simple method suggested by N.A. Magnitskii in 
locating and stabilizing the unstable periodic orbits (UPOS) of chaotic maps. A rule to generate the control 
parameters is proposed and its rightness is checked for the case of two one-dimensional maps, one 
describing the malignant tumor growth and the other the dynamics of a single-species population with non-
overlapping generations.  
Keywords: Control method, Chaotic maps, Unstable periodic orbits. 
 

 

INTRODUCTION 
A large number of biological systems are well-
modelled by discrete-time nonlinear equations. 
Even in the one-dimensional version, such 
equations are able of displaying a rich spectrum of 
dynamical behaviors including fixed points, limit 
cycles, bi-stability or chaos [1 – 3]. The difference 
between these different comportments is given by 
one or more variable parameters which, in a 
biological system, may be quantities as rate of 
birth or death of different populations, rate of 
increase of malignant tumors, carrying capacities, 
and so on. As a consequence of mutations in the 
environment, these parameters can change 
radically, departing well from the usual values. 
The immediate result consists in forcing the 
dynamical system to behave very differently from 
what is desired. Thus, for systems that have a 
sensitive behavior to changing parameters, it is of 
considerable interest to dispose and implement 
mechanisms of control so to maintain the desired 
state even when the system is affected by 
external perturbations. 
A simple method to achieve this goal was 
proposed by Magnitskii. It is applicable for the 
stabilization of the unstable periodic orbits of 
multi-dimensional chaotic maps and has been 
exemplified on well-known logistic and Henon 
maps [4]. 
In the paper, we apply the method to two one-
dimensional maps having biological relevance and 
propose a rule to generate the necessary control 
parameters.  
 
SHORT DESCRIPTION OF THE METHOD 
Consider the one-dimensional nonlinear map 
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where Rp∈  is a parameter.  

Let ( ))(),...,(),( 21 pxpxpxP s=  be a period – s 
orbit of map (1), meaning 
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crpp <  and unstable otherwise. The map has 
another attractor (ordered or chaotic) for 

)(s
crpp > . The algorithm described below will 

allow locating and stabilizing the s – cycle (2) to 
the right of the critical value of p. It is based on the 
following result [4]: 
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Then, there exists )(
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( )( px i , p) is an asymptotically stable fixed point 
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Remarks: i) The starting point for map (3) is 
( )( )ppx s

cri ,)( ; 
ii) The other points of the watched s – cycle, 

ijsjpx j ≠= ,,1),( , are determined from (2); 

iii) One can extend further the range of stability for 

the period orbit P. Thus, using )(
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s
crp  as the new 
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one can stabilize the point )( px i  in another 

interval, [ ])(
2,

)(
1, , s

cr
s

cr ppp∈ . This procedure is 

applicable as long as the orbit P exists. 
iv) For the particular maps discussed in the paper, 
there exist a simple rule to generate the required 
value kβ  for stabilizing the cycle (2) in the 

domain [ ])(
1,

)(
, , s

kcr
s

kcr ppp +∈ , namely 
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The iterative formula (4) is proved in the 

Appendix. It follows that 
k

k
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NUMERICAL SIMULATIONS 
The algorithm described in the previous section 
was applied to different one-dimensional 
mappings. We report here the results obtained for 
two maps having biological significance. The first 
one model the malignant tumor growth and can be 
written as 
 

( ) ),(75.6 3/2
1 pxfxxpx nnnn ≡−=+                    (5) 

 

where the parameter [ ]1,0∈p  and the function f 
transforms the interval [0, 1] onto itself [5].  
The second map describes the dynamics of a 
single-species population which bread seasonally 
and have non-overlapping generations 
 

( ) ),(11 pxfxxpx nnnn ≡+= −
+
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where p  denotes the finite rate of increase while 
0, >δα  are parameters influencing the 

equilibrium density [6, 7].  
Both maps possess a rich spectrum of dynamical 
behaviors, quite similar to logistic map, which 
includes fixed points, cascades of stable cycles 

and chaos. In what follows, we prove that scheme 
(3) is capable to locate and stabilize different 
periodic orbits of maps (5) and (6) far beyond the 
range of stability for the uncontrolled systems. 
 
3.1. Application of the control scheme (3) to 
map (5) 
The map (5) has two fixed points, namely 

( ) 0' =px  and 
3
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second one is stable for ( )740.0,148.0∈p  and 
then it is replaced, through a pitchfork bifurcation, 
by a period – 2 orbit. This is, at its turn, stable for 

898.0)2( =< crpp  and then bifurcates into a 4-
cycle. The next bifurcations points are 

924.0)4( =crp  and 932.0)8( =crp . 
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Figure 1. a) The bifurcation diagram for map (5);  

b) The dependence of Lyapunov exponent on 
parameter p for map (5). 

 
Starting with an accumulation point, the map 
behaves chaotically, excepting some small 
windows with periodic behavior. Figure 1 shows 
the bifurcation diagram and Lyapunov exponent 
as a function of parameter [ ]1,7.0∈p . 
We focus first on the nonzero fixed point noted, 
for simplicity, by ( )px  and characterized by 

critical parameter value 74.0)1( =crp . Because 
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( ) 5784.0)1( =crpx , one gets 1−=ν . The iterative 
scheme (3), with 1=β  and 5.0=ε , succeeded 
to locate properly and to stabilize the point ( )px  
on the entire interval [ ]1,7.0∈p . This was the 
output not only for the theoretical starting point 
( ))1(

crpx  but for almost all points [ ]1,01∈x . Figure 
2a presents a typical evolution of the variables 

nx  and nq  towards the asymptotically stable 
point ( ( )px , p).  
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Figure 2. a) Stabilization of the fixed point of map (5) for 
p = 1 and 1x  = 0.9; b) Dependence of the number of 

iterations until the map’s (5) fixed point stabilization on 
the starting value 1x  for p = 0.8 and p = 1.0. 

 

For a given p, the required number of iterations for 
stabilization does not vary significantly with the 
starting point, as illustrated in Figure 2b. This 
number is getting bigger once p approaches 1, but 
it remains inferior to the value 80. 
One can also locate and stabilize the periodic – 2 
orbit on the interval [ ]1,)2(

crp  but this requires four 

steps. Using 
39
89,

3
5,1 210 === βββ  and 

7465.33=β , we extended the range of stability 
for [ ]935.0,898.0∈p , [ ]967.0,935.0∈p , 967.0[∈p  

]995.0 , [ ]1,995.0∈p , respectively. One observes 

that the length of the interval [ ])2(
,

)2(
1, , kcrkcr pp −  

becomes smaller and smaller as k increases. 
Figures 3 and 4 show the basins of attraction for 
the components ( )px 1  and ( )px 2  of the 2-cycle 
as well as the number of iterations until their 
stabilization for four representative values of 
parameter p. With the growth of p we observe a 
marked erosion of the attraction basins so that 
close to p = 1 only a few starting points 1x , close 
to the theoretical values, succeed to stabilize the 
2-cycle’s components. 
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Figure 3. a) Basins of attraction for the map’s (5) 2-
cycle components when p = 0.91 (up) and p = 0.935 

(down); b) Dependence of the number of iterations until 
the map’s (5) 2-cycle stabilization on the starting value 

1x  for p = 0.91 (up) and p = 0.935 (down). 
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Figure 4. a) Basins of attraction for the map’s (5) 2-
cycle components when p = 0.96 (up) and p = 0.99 

(down); b) Dependence of the number of iterations until 
the map’s (5) 2-cycle stabilization on the starting value 

1x  for p = 0.96 (up) and p = 0.99 (down). 

 
Lastly, we worked on stabilizing the period-4 orbit 

for 924.0)4( => crpp . Using the rule (4) to 

generate the control parameter β , we enlarged 
the range of stability for the 4-cycle up to 

9715.0=p  in seven steps, namely 934.0≤p , 

9416.0≤p , 9483.0≤p , 9545.0≤p , 9606.0≤p , 

9661.0≤p , and 9483.0≤p . The lengths of 
these intervals decrease slowly and the process 
can continue by adding other stability sets. As 
with the period-2 orbit, the basins of attraction 
become increasingly narrow as p is moving to 
higher values. 
Figure 5 represents a graphical summary of our 
results so far. It contains the extensions for the 
stability regions of period-1, 2 and 4 orbits. 
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Figure 5. Extended regions of stability for period - 1, 2 
and 4 orbits of map (5). Continuous (green) line 

denotes the intervals of stability for the uncontrolled 
map, while small (red and blue) stars and (black) circles 

stand for the controlled orbits. 
 

3.2. Application of the control scheme (3) to 
map (6) 
The non-trivial equilibrium is given by 

( )
α

β 1/1 −
=

ppx  and it is stable for 2~
<β , where 

( )βββ /11~ −−= p , and unstable otherwise. If we 
consider the Nicholson’s blowflies population 
(Zeirapthera fagi) the parameters’ values are 

003.0=α  and 6=β  , so ( )px  becomes 

unstable starting with 3906.11
2

)1( =
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when a period-2 orbit is born. The next 
bifurcations take place for 68.27)2( =crp ,  

85.36)4( =crp , and 41.39)8( =crp . The bifurcation 
diagram for [ ]80,0∈p  is plotted in Figure 6, 
together with a magnification of it on  [ ]69,66∈p , 
showing a regular behavior.  
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Figure 6. a) The bifurcation diagram of map (6) for 
parameter values [ ]80,0∈p ; b) A magnification of the 

bifurcation diagram for [ ]69,66∈p . 
 

The fixed point ( )px  can be stabilized on the 

intervals [ ]75.31,)1(
crp  and [31.75, 80] with 11 =β  

and 3/52 =β . Figure 7 reports the number of 
iterations until stabilization for p = 42 and p = 80. 
We observe the same trend as for map (5), that is 
a slowing down of the convergence process with 
increasing p. Additionally, the minimum effort for 
stabilizing the fixed point is required for initial 
condition 1x  close to ( ) 1368.28842 =x  or 
( ) 5939.35880 =x , respectively. 
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Figure 7. Dependence of the number of iterations until 
the map’s (6) fixed point stabilization on the starting 

value 1x  for p = 42 and p = 80. 
 
Concerning the period-2 orbit, it was stabilized on 
[ ]80,)2(

crp  in three steps, [ ]55.41,68.27∈p , 
[ ]58.65,5.41∈p  and [ ]80,58.41∈p . As for the 

fixed point, we notice here an increase in length of 
consecutive intervals on which the 2-cycle is 
stabilized. Figure 8 shows, for different p, the 
number of iterations (and, implicitly, the basins of 
attraction) until the stabilization of the 2-cycle. 
Most of the initial conditions lead to one of the 
cycle components. Also, erosion of attraction 
basins with the increase of p is easily noticeable. 
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Figure 8. Dependence of the number of iterations until 
the map’s (6) period-2 orbit stabilization on the starting 

value 1x  for different p. 
 
The algorithm (3) allowed us to stabilize the 
period-4 orbit far to the right of the critical value 

)4(
crp , but in much smaller steps than for the fixed 

point and period-2 orbit. The first five extensions 
have covered the intervals [36.85, 40.35], [40.35, 
43.67], [43.67, 47.05], [47.05, 50.48] and [50.48, 
54.05], having approximately equal lengths. Small 
changes to these ranges can be made by 
choosing different starting points. Figure 9 
confirms the previous remarks on the reduction of 
attraction basins before the algorithm resumes 
with other control parameters and on the 
increased number of reiterations of the scheme 
(3) until a stable cycle is detected.  
We close our numerical investigation with the 
period-5 orbit displayed in Figure 6b. It bifurcates 
into period-10 orbit for p = 67.425 and into period-
20 orbit for p = 67.995. Using 11 =β  and 

3/52 =β  we extended its stability on [67.425, 
68.259] and [68.259, 69.329]. The action can 
continue as long as this unstable orbit exists in the 
chaotic region. 
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Figure 9. The number of iterations until the period-4 orbit of map (6) is stabilized. Up: p = 41; Down: p = 54. 
Different symbols (and colors) indicate the four component of the cycle. 

 
 
CONCLUSIONS 
In the paper, we have numerically analyzed a control method intended to localize and stabilize the UPOs of 
some discrete-time dynamical systems. The simulations were carried out on two one-dimensional maps 
having biological significance. The main conclusions of the study are as follows: 
a) The method’s algorithm allows to stabilize UPOs for parameter values much higher than a critical value, 
as long as the orbits exist; 
b) The simple rule proposed in the paper for generating the control parameters worked extremely well. It 
permitted to extend the range of stability for the UPOs with low periods in a number of intervals, whose 
lengths are proportional to the size of stability domains; 
c) For fixed control parameters, the basins of attraction for different components of an UPO became smaller 
and smaller as the system’s parameter is increased, while the number of iterations until the stabilization goes 
up. When the basins vanish entirely, a new set of control parameters must be generated.   
 
APPENDIX 
The Jacobian matrix of map (3) at the point ( ) [ ])(,,),( ,
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Its eigenvalues are provided by the characteristic equation 
 

( ) ( ) 01111
2 =−−++− −−− DDD kkk εβλβλ     (A2) 

 

where ( )ppx
x

fD i

s
),(

)(

∂
∂

= .  

The point ( )( ), )(
1,

)(
1,

s
kcr

s
kcri ppx −−  is super-stable if both roots of (A2) are equal to zero. This implies  

 

( ) ⇔=−−=+ −−−−−− 01,0 111111 kkkkkk DDD εββ  

1

2
1

1

2
1

111 11
,

−

−

−

−
−−− +

=
−

=−=
k

k

k

k
kkk D

DD
β

β
εβ , with 

( )( ))(
1,

)(
1,

)(

1 , s
kcr

s
kcri

s

k ppx
x

fD −−− ∂
∂

= .  

For a large set of chaotic maps, as p increases the eigenvalues start to grow in magnitude and for )(
,

s
kcrpp =  

one eigenvalue reaches the value -1. Now, one has 
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