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Abstract: Statistical Physics and Information Theory commonly use Shannon's entropy which measures the
randomness of probability laws, whereas Economics and the Social Sciences commonly use Gini's index
which measures the evenness of probability laws. The problem of shifting from the "principal of maximum
entropy" to the more general "principal of maximum heterogeneity”, and explore the maximization of
statistical heterogeneity was studied by Eliazar and Sokolov [2010].We propose the framework of entropy
pricing theory in this regard, introduced by Gulko [1996]. We consider various entropy maximization
problems to obtain the risk neutral densities based on Eliazar and Sokolov methodology.
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INTRODUCTION

The entropic reasoning allows us to approach two
different ways of quantifying the statistical
heterogeneity of risk-neutral price distribution. The
Gin's index is a measure of statistical dispersion
and measures the evenness of probability laws
where entropy measures the randomness.

The application of entropy in finance can be
regarded as the extension of both information
entropy and probability entropy. Since last two
decades, it has become a very important tool for
the methods of portfolio selection and asset
pricing. The famous Black-Scholes model [1]
assumes the condition of no arbitrage which
implies the universe of risk-neutral probabilities.
The uniqueness of these risk-neutral probabilities
is very crucial. The stock price process is
controlled by Geometric Brownian Motion (GBM)
in Black and Scholes model and in this framework
stochastic calculus is vital. The Entropy Pricing
Theory (EPT) was introduced by Les Gulko as an
alternative method for the construction of risk-
neutral probabilities without relying on stochastic
calculus [9,10]. Recently Preda & Sheraz have
introduced new approach to obtain the risk neutral
densities [16].

The Principle of Maximum Entropy (MEP) has
been extensively used to estimate the distribution
of an asset from a set of option prices. The
problem of shifting from the "principal of maximum
entropy" to the more general "principal of
maximum heterogeneity", and explore the
maximization of statistical heterogeneity was
studied by Eliazar & Sokolov [6]. The maximum
entropy principle was used to retrieve the risk-
neutral density of future stock risks or other asset
risks [19]. The Renyi entropy [17] generalizes the
frequently used Shannon entropy [18] and it has
been used for option price calibration [5].
Recently Preda et al. used Tsallis and Kaniadakis
entropy measures for the case of semi-Markov
regime switching interest rate models. Preda et al
have also introduced the new classes of Lorenz
curves by maximizing Tsallis entropy under mean
and Gini's equality and inequality constraints
[14,15]. For maximum entropy distribution of
asset returns, application of entropy maximization
problems, and others can be found in [3, 4,13].
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Two complimentary problems are discussed in
this article: entropy maximization for specified
Gini's index value and Gini's maximization for
specified Shannon entropy. In Section 2 we
present the problem  formulation and
preliminaries. We present our main results for
risk-neutral densities based on Eliazar & Sokolov
problems in the framework of entropy pricing
theory of Les Gulko. Section 4 concludes our
results and future directions.

PRELIMINARIES

In this section we use the concept of EPT [9, 10]
The term market belief is vital in option pricing
and the current price of any risky asset indicates
this belief. The future picture of the market up
(down) reflects a state of maximum possible
uncertainty; therefore market belief for the future
performance of an efficient price is characterized
by maximum uncertainty. Consider a risky asset

on time interval[0,T] . Let Yr be asset price
process of St at future tme T , Gas state
space, a subset of real line R, g(S;) the
probability densities onP, f (S;) efficient market
belief and H(g) the index of market uncertainty
aboutY;. The H(g) is defined on the set of
beliefs g(S; ) therefore the efficient market belief
f (S;) maximizes H(Qg) .

We can determine f (S;) given H(g) with some

relevant information about current price of S. The
index of the market uncertainty about Y;as a

Shannon entropy[18], can be written as:
H(9)=—E*[In g(Y;)] (1)

In the above equation H(g)is a functional
defined ong(S;), f(S;)which maximize
H(g) is called the entropy of random variable
Y;and used to measure the degree of

uncertainty of g(S;). The maximum entropy

characterizes the market beliefs regardless of the
subjective risk preferences and it is useful to find
the risk neutral beliefs in incomplete arbitrage
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free markets. The maximum entropy market
belief f (S;) as a solution to the maximum

entropy problem can be written as follows:

f=arg max {H(g),g <G} )
Eliazar and Sokolov [6] have studied the problem
of shifting Shannon’s entropy to Gini.s index
which is called statistical heterogeneity. There
are different approaches that estimate statistical
heterogeneity such as concepts of dispersion,
entropy and equality i.e. measuring the evenness
of the probability laws. The approach of equality
or measure of evenness is called Gini's index in
the field of economics and social sciences.
Mathematically Gini's index is given by:

2
1 o [ oo
G(f)=1-— f(z)dz |dx (3)
- rem]
where u is the mean and in our frame work we

. S :
replace it by —. We present our results of risk

neutral densities using Eliazar & Sokolov [6]
approach in another frame work.
The Gini's distance of a probability law controlled

by the probability density function g (ST ) , Where
—o0 < St < o0 is given by:

+00 400

j j‘STl_STz‘g(STl)g(STZ)dSTldSTZ (4)

—00 —00

1
D(g)==

(9)=3
where D(g)is the average distance between

two independent random variables whose
probability law is controlled by the probability

density function g(St) where —o0< St <00,

Gini.s distance is positive and in the case of
probability laws supported on the positive half-

line the connection between Gini.s indexG(g)
and Gini.s distance D(g)is:
1
G(9)==7= 5)

The first variation of the functional D(g ) is given
by [6].

A[D(g)}(;():;T[jG*(u)du o G*(u)du];((ST)dST

St

—o0

(6)

where ;((ST)is an arbitrary test function and

—o0 < St < oo therefore:
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—,c

G™(u)= g(u/)du/, -0 < U < o0

—00

- @
G*(u):J.g(u/)du/, -0 < U < 00
u

RISK NEUTRAL DENSITIES

We consider the Shannon’s entropy maximization
problem as the first case. We suppose that all
expectations are also well defined and underlying
optimization problems admit solutions for some
continuous cases. We discuss the law introduced
in [6]. This law maximizes Shannon’s entropy
within the class of probability laws supported on

S
the real line —oo < Sy <oowith mean ,u=E

and a given dispersion, where S and P belong to
the prior information set which indicate risky asset

and riskless bond price respectively. EY9 denotes
expectation relative to risk neutral density

g (ST ) and St is the asset price attime T .

THEOREM 3.1 The risk neutral density g(S;)

which solves the Shannon entropy maximization
problem subject to the given constraints:

Max —E%[Ing(¥r)]
g

Subject to

B9 Iy} | -1 c-1

ngﬂ:% C-2
Sr

E9|lvy 2| |=6,r>0 €3

Then the unique solution of the risk neutral
density is given by:

-

r
P }
where 4, 4,,;are Lagrange multipliers and

determined by using the given constraints C-1, C-
2 and C-3.

Proof: We can proof the above result by using the
calculus of variations for optimization of
functionals (see Luenberger -1969, Borwein -
2003, Eliazar &Sokolov-2010).

Therefore the Lagrangian L(g,4) can be written
as:

g(ST)=exp{—l—ﬂi—ﬂzST -
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L(9,4)=E9[Ing(Y, )]+/L_(E9[I{YT}J—1) +
v, -2

e )

where 4,4,,4, are Lagrange multipliers and
we write the first variation A(g)of L(g,4):

ALA9)](x)=[n(S)x(Sr)ds,

where y(S;)is a arbitrary test function and

a<S; <b. Let (a,b)an
—o0 < a,00 > b and consider the convex functional:

H (9)=iln(g(ST ))a(S; )dS;

where g(S;)is a probability density function

interval

then first variation of H(g):
b

A[H (g)}(g):j[lﬂng(ST ) ]2 (Sr )ds,

a

Now using A[A(g)](z)and A[H(g)](;(),
we can write the fist variation of L(g,1):

A[L(g,l)](g)zT[lﬂn(g(ST))+/11++ZQST +

r

> ]Z(ST )dST

+ 45|S¢ )

Now equating this first variation equal to zero we
get:

r

S
1+In(g(Sy))+ A + 4,S; + A4S -5

=0
-

r
g(sT)=exp{—1—a—ﬂst ~ a7 — 5 }
In the next theorem 3.2 we extend the previous
result of theorem 3.1 for the case of weighted
entropy. The weighted entropy was first defined
by Guiasu [8], considering the two basic concepts
of objective probability and subjective utility.
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THEOREM 3.2. The risk neutral density f(S;)

which solves the Weighted-Shannon entropy
maximization problem:

max —E%[u(¥r)ing(¥r)]
g

Subject to the given constraints C-1,C-2,C-3 and
u > 0. Then the unique solution is given by:

S r
EXp[_l_ﬂl_ﬂqST —A3|S¢ ) }
f(ST)z
u(sr)
Proof: We can proof the result by using the
calculus of variations for optimization of

functionals see Luenberger). Now consider the
function:

F(f.5)=-u(S;)fInf+A4+2,5 +4

where A,,4,,4; are Lagrange multipliers. The

necessary condition for an extremum is the Euler-
Lagrange equation given by:

oOF o (oF
CANFL iy
of  as, | of

F(f.S)is of f/,
derivative of f(S;)ad Euler-Lagrange equation
reduces to:

r

S
St

Since independent the

r

S=0

S. -2
TP

—U(S;)-u(Sy)Inf +4 + 4,5 + 4

Thus we obtain the required result by using the
above equation and the proof is complete.

In the next theorem we consider the Gini's
maximization problem and replacing randomness
by evenness as the underlying measure of
heterogeneity.

THEOREM 3.3. Consider the following entropy
maximization problem:

G(Sy)=E® |:I{YT>ST}:|’ 6(S’T):l_G(ST)

which is equivalent to the convex optimization
problem:

minJ'E(YT )dY,
0

Subject to C-1,C-2 and C-3 as defined in the
theorem 3.1 then the solution of risk neutral
density is given by:
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r

S

9(57)=2r(r-1)s, -2

Proof: The corresponding Lagrangian can be
written by using calculus of variations for
optimization of functionals (see Luenberger-1969,
Eliazar & Sokolov-2010).

L(g,/l):]ga(ST ) dv, +,11(Eg [I{YT}}—l) +
\-S

e o)

The above problem is very similar to the theorem
3.1 ,where 4,,4,,4; are Lagrange multipliers and

we write the first variation of L(g,1):

A[L(g,z)](g)zﬂzfG(s4)ds4+ﬂi+zst+,13 S —=
Z(ST)dST
Thus we get:
ST_ Sr
2| G(S)ds! S S ——| =0
I (T) T+ A4+ LS + A4S P

0

Differentiating twice both sides of the above
equation we get the solution and the proof is
complete.

Now we consider the Entropy-Gini-Maximization
problem by following the law that maximizes
Gini's index within the class of probability laws on

the positive half line of S; >0 with mean %and

given the Gini index.
THEOREM 3.4. Consider the following Entropy-
Gini-Maximization problem:

max —E9[Ing(Yr)]
g

Subject to the constraints C-1,C-2 and a new
constraint C-4:

o0
jo(stsr =7
0
Then G satisfies the differential equation given
by:

/ _ 2
G’ (St )=c-4,6(S1)-4G(S)
where c is constant of integration and the
solution of differential equation is given by:

Cc-4

S r
P .
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1
G(St)=
) ool rao)
Where Cjand Cgare positive real valued
parameters and
v(c In(c
QZ%W(%): 03(—31) 0= ~41,C3 =43
P

Proof: Following the method of theorem 3.1 we
can write the Lagrangian:

L(9.4)=E*[logg (¥, )]+,11(E9[|{YT}]_1) +
+Z,Z(E9 [YT]-%JMS(TG(ST )* dS, —;/J

The above problem is very similar to the theorem
3.1 where 4,,4,,4; are Lagrange multipliers and

we write the first variation of L(g,4):

©

A[L(glﬂ)](z)ﬂlhIn(g(ST))%wST +2%Te(u)du1.

0

Z(ST )dST

Therefore we get:

1+In(g(Sy))+ 4 + A4S +223fe(u)du:o

Differentiating the above equation we get:

Since,

2

—G”(ST)—ﬂ?G(ST)—ﬂgG(ST) =0
Therefore we get:

2
G’(ST )+/12G(ST)+23G(ST) =C
(i)
where ¢ is a constant of integration. The solution
of equation can be found using Riccati differential

equation see [5] for more details.
We can write equation (i) for its solution:

G/(S;)=c, +¢G(S; )+¢,G(S; )
where c,,C;,C, are constants and defined w.r.t



“Mircea cel Batran” Naval Academy Scientific Bulletin, Volume XVIII — 2015 — Issue 2
Published by “Mircea cel Batran” Naval Academy Press, Constanta, Romania// The journal is indexed in:
PROQUEST SciTech Journals, PROQUEST Engineering Journals, PROQUEST lllustrata: Technology, PROQUEST Technology
Journals, PROQUEST Military Collection PROQUEST Advanced Technologies & Aerospace

Lagrange multipliers have

AiAy Ay We
G(0)=1and
SITiTOG(ST):O, Since G(S;)is a survival

boundary conditions

probability function then coefficient ¢, =/4,=0

and the given equation reduces to the Bernoulli
form:

G'(S;)=¢G(S; ) +¢,G(S; )

i.e.
G'(sr) 4

-G (S =C
G(ST)Z Cl ( T) 2
Let us suppose:

_ d
o'y gL
T T

ie.,
d
é“_cly:_CZ

We get the solution of the above differential
equation:

C C
y=_2_|__3
(o} east

G, G
(o east

Using G(0)=1, we get c, =1—C—2:>1—c3 _G
G G

Therefore we can write:

1
G(S;)=
(Sr) cyexp(—¢,Sy ) +(1-c;)
The corresponding mean is given by:

S Inc, 1
=2 = [G(S; )dS; =—=2.=,
=P ! (S )ds, c,—-1'p
Inc
Hence, -
ence, w(c;) o1
v (Cs)

and we get the value of ¢, = S
P

THEOREM 3.5. Consider the following Entropy—
Gini-Maximization problem:

max | G(S?)dsr
g 0
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Subject to the constraints C-1,C-2 and a new
constraint, C-5, i.e. the Shannon entropy:

E9[Ing(Yr)]=¢ C-5
Then solution satisfies the differential equation
given by:

A 1 2
G/ (S7)=2-22G(S7 )~ —G(S
(Sr) P (St) P (St)

Proof: Following the method of theorem 3.1 we
can write the Lagrangian:

L(g,ﬂ):TG(ST)ZdST A (B9 1y, ]-1) +
+/12(E9 [YT]—%j+z,3(E9[|ogg(YT )]-¢)

A, A,, A5 are Lagrange multipliers and we write

the first variation of L(g,4):

A[L(9,4)](x)=

Z(ST )dST

O = 8

[ZSJIG(u)duvLﬂi-MQST +/13(1++In(g(5T ))) .

0

Therefore we get:

ZSJIG(u)du+/11+/128T + 4 (1++In(g(s;)))=0

Differentiating the above equation we get:

29" (St )+ 4,9(S ) +2G(S;)g(S; ) =0

which is equivalent to ,

=3B (S1) = 26 (Sr) = (G (Sr ) )/ =0
Therefore we get:

G (S1)+ 4,6 (S )+ A4G(S ) =¢

where c is the real valued constant and therefore
we have the differential equation given in the
statement of the theorem and the proof is
complete.

Now we present our frame work to discuss the
law that maximizes the Gini's distance within the
class of probability laws supported on the real

, . S .
line —oo<S; <400 with mean P and given

dispersion.
THEOREM  3.6.
optimization problem:

Consider the following
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max D(g)

Subject to the constraints C-1,C-2 and C-3 then
the solution of risk neutral density is given by:

9(Sp)=-r(r-1)4 5[

S —— , r>2
TP

Proof: We can proof the above results by
following the theorem 3.1. Therefore the

Lagrangian L(g,4) can be written as:
S

L(g,A)= D(g)+ﬂi(E9 [l{YT}]-l) "
Y, —>

+/12(E9[YT]—%j+ﬂﬁ(E{ Pr}%

M. A,, A5 are Lagrange multipliers and we write

the first variation of L(g,4):

4o ST o
A[L(g,/l)](;()zJ;[;'[OG*(u)dUJrSJ G. (u)du +

1%(Sr )ds;

S
[S—
TP

+4, + 4,5 + 44

Now equating this first variation equal to zero we
get:

St )
1 *
5 J- G"(u)du +§|. G.(u)du+4, +4,S; +
bt :

S:O

+45|S; 5
Now differentiating the above equation twice we
get the required solution and the proof is
complete

We discuss another problem which maximizes the
Gini's index given the Shannon entropy with the
class of probability laws supported on the real line

, S
—0 < S; <400 with mean P

THEOREM 3.7. Consider the

optimization problem:

max D(g)
Subject to the constraints C-1,C-2 and C-5 then
G. is the solution of the differential equation
given by:

following

CONCLUSIONS

1
y(ST)+2_

yo(S;)=S 1tk .

T2, 24

Proof: The corresponding Lagrangian can be
written as:

L(g,4)= D(g)+ﬂi(5g['{w}}1) '
JQ(EQ [YT]‘%]%(EQ['“Q(YT)]“?)

M. A,, A5 are Lagrange multipliers and we write
the first variation of L(g,4):

A[L(9.4)](2)= J.[% I G"(u)du + J'G*(u)du + A+

+ 2,5, +/13(1++In(g(ST)))];((ST)dST
Therefore we get:
St o
1 *
5 I G (u)du+SIG*(u)du+Ai++ A,S; +
T

—00

+25(1++In(g(Sr)))=0

Differentiating the above equation we get:
22,9" (Sr ) +24,9(Sr ) +(1-2G.(S;))9(S ) =

This equation is equivalent to

226" (8, )~ (1+22,)6L(S; ) +(G. (Sr ) )/

Now we get:

—2G/(S;)-(1+22,)G(S; ) +G(S; ) =-¢
where c is the real valued integration constant
and we have the following equation:

c 1+2
JoC L2 1,
2k 24 22
We can solve the above equation using the
method described in theorem 3.4.

We have studied some entropy maximization problems of Eliazar & Sokolov [6]. We have introduced the
frame work of entropy pricing theory in this regard to find out risk neutral densities. The importance of risk
neutral densities in modern financial literature is vital which provide a comprehensive package without

specifying any model based on stochastic calculus.
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