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1. INTRODUCTION

There have been several studies in the past to
demonstrate the key role played by duality in economics
and optimization theory. Many dual models have been
proposed for the constrained vector optimization problems
and corresponding duality results have been investigated.

It is worth to note that the notions of convexity
and generalized convexity play a crucial role in
establishing the primal-dual relationships. Moreover,
advances in non-smooth analysis and non-smooth sub-
differential calculus rules led various authors to search for
the class of non-convex functions possessing properties
that are this context. Ngai, Luc and Thera [6] defined a
new class of approximate convex functions and showed
that functions belonging to this class enjoy many of the
desired properties.
2. PRELIMINARIES

The concept of several solution concepts in
multiobjective programming has been widely studied in the
literature [1, 2, 4, 5].

In this article, we use the notion of approximate
convexity to obtain some duality results for non-smooth
multiobjective optimizations problems.

In section 2, we present some preliminary facts
concerning generalized approximate convex function in
terms of Clarke generalized gradient. In section 3, we
establish necessary and sufficient optimality conditions for
the quasi efficient solutions and higher order quasi efficient
solutions of a multiobjective programming problem. Finally,
we present in section 4 some duality properties of the
multiobjective problem and its mixed dual under
generalized approximate convexity assumptions.

We denote by Ri = {X eR" | Xi g 0, Vie |n = {1, . n}} the non-negative orthant of the n-dimensional

Euclidean space R".

The null vector is denoted by 0 and € = (l, 1, ...,1) . Both vectors have the dimension of the context they appear.

Forany X,Y € R" , we use following notation:

y-xeint(R!)

(ie. x, <y, Viel))

X<y &
X<y © y—xeR!
X<y <
XLy <

(ie. x;, <y, Viel,)
y—-xeR}\{0}

(ie. x<y and Fiel withx <y,)
y—xeR!\{0}

(ie. x=y or Fiel, withx >y,)

x'y=y"'x=>xy, (thestandard inner product)

i=1

For X€ R" and r € R, we denote B(x,r):{yeR” |||x—y||§r}.

For a given open set X C R" we consider the multi-objective problem

mo{t (0 l9(<0]

where f=(f,...f): X >R g=(g,....0,) : X >R

We denote the set of feasible solutions of problem (P) by
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P={xeX cR"|g(x)<0}.

We use the following solution concepts for the problem (P):
Definition 2.1 A point X0 € & is an efficient solution for P) if

o
vxe? = f(x)£f(x).
Definition 2.2 A point X0 ePisa quasi-efficient solution for (P) if there exists & € int(Rf) such that
o
Vxe® = f(X)+a|x=x|%f(x).
Definition 2.3 A point X0 eP is a quasi-efficient solution of order m for (P) (m >l) if there exists

pe int(Rf) such that
Vxe? = f(X)+B|x=x" £ (%)

Remark 2.1 Every efficient solution is a quasi-efficient solution, and a quasi-efficient solution of order m for (P), but
the converses may not be true.

Definition 2.4 A point X0 e is said to be a (1, m) -quasi-efficient solution for (P) (m >l) if there exist

a,pe int(Rf) such that
Vxe® = f(X)+alx—x|+Bx=x|" £ f(x).

Remark 2.2 Every quasi-efficient solution, and a quasi-efficient solution of order m for (P) is also a (1, m) -quasi-

efficient solution for (P), but the converses may not be true.
The locally Lipschitz condition and Clarke generalized gradient are frequently used in analyzing non-smooth multi-
objective optimization problems. For the sake of completeness we recall these definitions.

Definition 2.5 The function @ : X < R" — R is locally Lipschitz at X € X if there 3L >0 and a
neighborhood UX of x such that

|(0(X1)_¢’(X2)| § L||X1 _X2||’ VXl, Xz EUx :
Definition 2.6 Let ¢ be locally Lipschitz at X € X . The Clarke generalized directional derivative of 9 at x in the

direction V€ R" is given by

¢’ (x,v) = limsup o(y+v)-9(y) _

100, yox A

The locally Lipschitz condition assure the existence and finiteness of @ (X,V). Moreover, as a function,

Q@ (X, . ) is sub-additive and positively homogeneous in the second argument. These properties together with the Hahn-
Banach theorem give consistence to the following definition.
Definition 2.7 ([3]) The Clarke generalized gradient of (0 at X € X is defined by

dp(x)={ceR"|p"(x,v)2c'v, VVeR"} .
It is worth to mention that the function (p(X) = ”X — Xo” is not differentiable at X, but its Clarke generalized
m
gradient at X, is the closed unit ball B (0,1) C R". However, if we consider @(X) = ”X - X0|| with M > 1, then the

Clarke generalized gradient at X0 is the null vector: 8(0(X0) =0¢e R".
We enlarge the class of approximate convex functions introduced by Ngai, Luc and Thera [6].

Definition 2.8 A function @ | X >R is (]/;1, m) -approximate convex at X, € X', where ¥ >0 and
m>1,it V6,6 >0, 31 >0 (rdependson d;, O and X;) such that
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y(p(/1x+(1—ﬂ.)y)§ Ap(X) +(r=2)e(y)+
+Z(1—i)(51||x—y||+5||x—y||m), 2.1)
VX, yeB(X,r)nX, ¥ie(0,min{y,1}).

Remark 2.3 For ¥ =1 and M =1, the function is called approximate convex [6]. A lower semicontinuous

approximate convex function at X, is locally Lipschitz at X, [6, Proposition 3.2]. This property also applies to lower
semicontinuous (}/;1, m) -approximate convex functions.

Proposition 2.1 Suppose that @ X—>Risa proper lower semicontinuous function. If @ is (;/;l,m)-
approximate convex at X, € X, then @ is locally Lipschitz at X, .

Proof Since @ is (]/;1, m) -approximate convex at X, € X, there exist I >0 such that B(XO, r) c X,

andfor V X,y € B(XO, I’) and VA e(O,min{;/,l}) we have

p(Ax+(1-2)y)< %(p(x) +(1-§j¢(y)+
(1= 2) -l S|

We state that 0 is locally bounded at X . To show this, let

U,={xeB(x.r) lo(x)sn}, neR.

It follows that B (XO, I’) = U Un and all Un are closed. According to the Baire category theorem there is some
neN

index N, such that the interior of U denoted by int(Un ) is nonempty. Let zoeint(Un) and
0 0

o >maxs—,15 suchthat
e

Ny’

Yo =Zp+a(X —12y)e€ mt(Uno)
and select some nonnegative number p<r such that VxeB (Xo ) p) one has

Z =Y, +a(x—y0)e int(UnO).We have:

¢(X)=(/)(52+(1—ayoj§
<Lo(0) +{1-Lpu)+2(1-2 ) e w2l

§&+(1_i) N, +i(1—ij(i2r +é(2r)mJ =V.
ya ya a a\r 4

This means that ¢ is bounded from above on B ( X0 , p) by the value V.
The functon ¢ is also locally bounded from below. Indeed, for V Xe& B(Xo,p) one has

2X0 —Xe€ B(Xo,p) and we have

1 1
o) 55-0(3) +(1-5- (26 -x)+ 2= 2o -4
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Consequently, for V X € B (Xo , p) ,
0, 1) m
0(%) 2279 (%) ~(2r =V =% =X =% —["-

It follows now that there exists a margin M such that |(p(X)| <M for VXe B(X0 ) p) .

For any X, Ye B(Xo,gJ , X#Y, we denote n= ”X— y” We have
7 = x+£(x— y)€B(X, p). Hence,
2n 0

p+2n  p+2n p+2n p+2n

2n ( 2n j(é‘l o mj
+ 1- —lz-y|+—|z-Y| |
g e ol o b B B

¢(x>—¢<y)§2—")(<o(z) —o(y))+

y(p+2n
2n P (51 o mj

+ —=lz-y||[+—|z-

P e o L B (Y

2n __2n _p

Since obviously ———mM S —

y(p+2n)~ o p+2n
P()=0(0) £ 2p(2)~p(y) +2{aJe-y]+ola—" )<

It follows

<t p=|x-y]<p s fr-y| =L veoe

P
<Zom 2 513—p+5(3—p] =L|x-y|,
7w wl "~ 2 2
m-1
where L = ﬂ + E 51 + 5(3—pj . Interchanging x and y, we obtain finally
wor 2

lo(x)-(y)[sLx-y]. ©

We present a characterization of (7;1, m) -approximate convex functions in terms of the Clarke generalized
gradient.

Theorem 2.2 If @ . X — R is a lower semicontinuous (7/;1, m) -approximate convex function at X0 e X,
then V6,0 >0, 3 r >0 such that
T m
p(¥)=(%)27e (Y=%) =& [y = %[ = 5]y =",
VyeB(x,r)nX, Ycedp(x,).
Proof The assumption implies that ¢ is locally Lipschitz at X0 and (2.1) holds for V51, 0 >0 andsome I >0.

Let Y € B(XO,F)F\X and h>0 sufficiently small so that X, +h and y+h S B(XO,I’).

The Clarke generalized directional derivative of ¢ at X, along (y - Xo) is
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(% +h)+A(y=%))-e(X +h) _

@” (X, y—%,)=limsup

A0 0, h>0 A
:“msup(p(;t(y+h)+(1—/1)(x0+h))—go(xo+h)é
A1 0, h—0 A
. 1
gnmsup{ (y+h)——(p(x+h)+ & (1-2)[ly- xo||+ 5(1=A)y- Xoll}
00, h>0] ¥ 4

1.
é—“msup[cﬂ(y)+L||h||—<0(xo)+L||h||+51(1—ﬁ)||y—xo||+5(1—ﬁ)lly—Xoll |-

7 30 0.0
=~ o)=o6)+aly-xl+sly-xl"].
since 7 >0, for V C € 9 (X, ) we have:
e (Y=%) 79" (%Y= %) S0(¥) =0 (%) + 8, [y = x|+ 5]y =" O

Definition 2.9 A function @ . X —>Ris (]/;1, m) -approximate quasi-convex at X, € X where y > 0 and
m>1,if V6,6 >0, 3r >0 (rdependson O, and X,) such that
VyeB(x,r)nX, with p(y)<o(x), =
¢ (Y=%)=6y=%|-3|ly—x%|" =0, Vcedp(x,).

Definition 2.10 A function @ . X—>Ris (7/;1, m) -approximate pseudo-convex at X, € X, where y > 0

22

and m>1, if V§l,§>0, 3r > 0 (r depends on 51,5 and X, ) such that
VyeB(X,r)nX, 3cedp(x,) With}

7et (Y=x)+ iy =]+ 8]y -x[" 20, @3

= o(V)+aly-x[+sly-x[" zo(x).
Remark 2.4 A (}/;l, m) -approximate convex function at X0 is both (}/;1, m) -approximate quasi-convex and

(7/;1, m) -approximate pseudo-convex at X0 , but the converses do not hold in general.

3. OPTIMALITY CONDITIONS
A necessary optimality conditions for quasi-efficient solutions is given by the following theorem, which is an extension

of [5, Theorem 2].
Theorem 3.1 Let X, € & be an (1, m) -quasi-efficient solution for problem (P). If the component functions of f and

g are locally Lipschitz at X,, then for any ¥ € int(Rf), TE int(Ri), there exist the vectors & € int(Rf),

Ae Rf and U € Rq such that

Oezp:/llyi of ( Z,ujz'jag +Zp: 7B (0,1) a
i=1 i=1

HiT;9; ( 0) =0, ] :Lq -(32)
Proof Since X0 eP isan (1, m) -quasi-efficient solution for (P), it follows that there exist a,ﬁ S int(Rf)

suchthatfor V X € & the following system is incompatible:
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F(X) < F (%) —afx=x[-Blx=x]["
g(x)<0.
It follows that, for any }/elnt(R ) Iﬂt(R ) the system
7 .( )< 7 (%)= nax=x||- 7B x=%[" i=Lp,
( ) 1 J:l’q 1

is also incompatible for V Xeq . Consequently, XO is an efficient solution of the following multi-objective problem
min 71f1(x)+71al||x_X0||+7/1ﬁ1||x_xo||m

= 7p fp (X)+7pap ||X_X0||+7D'Bp ”X_ X0||m

subjectto 7,9,(%,)<0, j=1q

Applying now Fritz-John necessary optimality conditions to this problem, we get the existence of AeR” and

YIRS RE such that

p q
0> 20(nfi+ nen X =+ 1B X =3I ) %)+ D ay7,09, (%
i=1 j=1
/erjgj(xo)zo’ j:ﬁ,
(/1,/1)7&0.
But these relations are equivalent to (3.1) and (3.2) because
6(;/ifi+yi o, [x =%+ 78 |x- x0||) = 0, (% )+7aB(0,1).

Remark 3.1 The necessary optimality condition developed above are Fritz-John type. Under appropriate constraint
qualifications or regularity conditions on the functions we can easily derive the KKT type necessary optimality conditions. In that

case we can take A € =1. One such constraint qualification is Mangasarian Fromovitz constraint qualification which states

that
Oe > 1;09,(%) = u;=0, V] eJ(xO)={j|gj(xo)=O} .
jeJ(XO)
Another weakened form of constraint qualification called basic regularity condition is given as follows
p
Oe > Adf (%) z ,ujag z/laB 0,1) forsomes
i=1, i#s jEJ xo i=1, i=s
=1 =0, ‘v’ie{ i p}\{s}, U =0,V j eJ(XO) .
The next theorem states a sufficient optimality condition.
and A€ mt(Rp)

Theorem 3.2 We assume that the conditions (3.1) and (3.2) are satisfied at X c?

ﬂ,Te =1.Ifthe component functions of f and g are (}/i ;1, m) -approximate, respectively (TJ- ;1, m) -approximate convex at

X, » then X, is alocal (1, m)-quasi-efficient solution for (P).

Proof Since the conditions (3.1) and (3.2) are satisfied at XO, it follows that for some Ci E@fi( )

dj Eag- (XO),and be B(O,l) we have

0= Zp:,y,c,+z,ujrjd +Zﬂ,y,ab (3.3)

i=1

I”J'Tjgj(xo)zo’ ji=1q. @9
According to Theorem 2.2, V0,0 >0, 31 >0 suchthat V X € B(XO, I’) we have
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f,(X)= (%) 2 76" (X=% )= 6, [[x=X |- S x =%, V¢ edfi(x,),

9; (%)= 9; (%) 2 7,d] (x=% ) =[x =X, =[x =x|", ¥ B; €9, (%)-
Using (3.3) and (3.4), since A>0 ,and U ; 0 , the two above inequalities yield

210~ 1 (%)) + g ()2

T
p q
;( i,yici+z,ujrjdj} (x—xo)—(1+,uTe)[51||x—x0||+c5||x—x0|| }
i=1 j=L
p T
:_(Zmaibj (x=%)—(1+ ,ﬁe)[(sl”x_x0||+5||x_x0||m}

P
> =Y At [x = x| - (24 we)| 8 Jx =g + 5 x =" |
i=1
= X=Xl =7 [x ="
where 7751 = éﬂi}/iai +(l+ /jTe)5l >0 and ns = (1+ ,uTE)5 >0.
Now, for VX € B(XO, I‘)ﬁff we have

/1T(f (x)-f ()(0))+’751 %=X+ 72, ”X_Xonm 2-u'g(x)20,

and therefore we get
AT(F ()= (%) 4715 [x =g +msex ="} 2 0.

But this relation imply that V' &;,0 >0, 31 >0 and Ns > 0, 75, >0 suchthat VX e B(XO, I’)ﬂff' we
cannot have

F(x)<f(%)-n, X=X|| = 1,8 [x=x|",

i.e., X, isalocal (1, m) -quasi-efficient solution for (P).

4, DUALITY
We study now the duality relationship between the problem (P) and its mixed dual under generalized approximate
convexity assumptions.

The constraints index set {1, . Q} = ‘]0 Y ‘]1 is partitioned in the two disjoint subsets ‘]0 and ‘]1 and we

denote € = (l,...,l)T eR?.

The mixed dual is the following problem:
max{f(u)+yjog%(u)e} )
subject to
0edA"f(u)+ou'g(u)+1'aB(0,1)
#;9;(u)20, je, (4.1)
220, A'e=1 420, a>0.

We denote the set of feasible solutions of the dual problem (D) by

D ={(u,2, u,cx) that satisfy (4.1)} .
Theorem 4.1 (week duality) Let (u,/l,,u,a) €P and suppose 'uJTngl () is (2';1, m) -approximate quasi-
convex and (ﬂTf + ,ujo gJO )() is (}/;1, m) -approximate pseudo-convex at u. Then V 51 > ZMTa and V 0 >0,

there exists T > 0 such that the following does not hold
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fi (%) < £ (u)+ 415,95, (u) =& [x—ul[ - ]x—u[", Vie{L..p}
where X=U+1tv, veR" 0<t<T ,and X€P.
Proof Since (U,l,,u,a)e@,forsome C eaﬂ,, fi (U) dj eangj (U),and be B(O,l) we have

p m P
0=>Yc+>d+>Aab. @2
i=1 j=1 i=1
Let X € P . since 7 0, in particular we have

Duigi(X) D uig;(u) @

jed; jed;
Using the (T;l, m)—approximate quasi-convexity of ,uJTngl () at u, for ¥V 51,,5' >0 3r>0 such that

whenever X € B (U, I’) NP and (4.3) holds, we have
> ed] (x-u) = Jx-u]-'|x-u]" <0.
e
Without loss of generality we can assume ”V” =1. Choosing X=U+1v e fi’, 0 <t<r,the above arguments
along with (4.2) yields

T , ’
S+ X, + dab | (c-u)s & e-uf+ 2 ] 20.
i=1 jedy i=1 4 v

'

!

o & 0,
If we set —:Zﬂ,,ai +—>0 and — = — we obtain

4 i=1 T Y T
T
p
7| e+ >d, | (x=u)+5[x—ul+5x-u["20.@a
i=1 jedg
Using now the (7;1, m) -approximate pseudo-convexity of (le +yJTOgJ0 )() atu, there exists I’ > 0 such
that whenever X € B (U, I”) NP and (4.4) holds, we have
AT (X)+ 443,95, (%) + 6, [x—ul+ S x—u]" 2 27 F (u) +415,9,, (u).
If we take T = min{r, r’} for X=U+tvedP, O0<t<T,weobtain
f(f (x)-f(u)-4 9y, (u)e+(51||x—u||+§||x—u||m)e)g0 ,

implying that
f(X)< fi(u)+ 5.9y, (U) =6 |x—ul|-5x—u]", Vie{l.. p}

is not possible.

Definition 4.1 (UO , ﬂo My 0{0) € 9D is said to be a local weak (1, m) -quasi-efficient solution of (D) if there exist

nl,ﬂeint(Rf) and a neighborhood U0 of (uo,ﬂo,,uo,ao) such that for any (u,i,y,a)e@muo the

following relation cannot hold
fy (U )+ 153,85, (o) +17*u =t |+ 77 Ju = [* < i (u) + 255,95, (u), ViefL....p}.

Theorem 4.2 (strong duality) Suppose X0 edP isa (1, m) -quasi-efficient solution of (P) and an approximate

constraint qualification (like Mangasarian Fromovitz constaint qualification) or regularity condition (like basic regularity condition)

is satisfied at X, . Then there exist @/, € int(Rf ) , 2’0 eR? ., My € RT such that (Xo,ﬂ.o,luo,ao) € D . Further, if

p
the conditions of weak duality hold with 51 > 2]/2/1'0(“ and O >0, then (X01/10wuovao) is a local weak quasi-
i=1

efficient solution of (D) and the objective values of (P) and (D) are equal.
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Proof According to Theorem 3.1 and Remark 3.1, there exist & € int(Rf ) , /10 € Rf , ﬂﬂTe =1, Hy € RT

such that (XO, ﬂ.o,yo,ao) € 9P . Moreover the objective value of (P) and (D) are equal to f (Xo)- Invoking the weak

p
duality between (P) and (D), for every 51 > 272 /Lai ,and O >0, there exist T > 0 such that for any U € B (xO,T) ,
i=1

Xo=U+tv,0<t<T ve R", ”V”:l,the inequalities

fi(%)=fi(u+tv) < f(u)+u, 0, ()-8 |x—u|-Sx-u|", Vie{l.., p}

do not hold, implying that for any U € B(XO,T) the inequalities

fi (%) + #3,85, (%) + 8 Ju =+ Sx—u" < £, (u) + 115,95, (u), Vieil...p}
do not hold. Consequently (Xo , 20 v Mo ao) is a local weak quasi-efficient solution of (D).

Remark 4.1 In Theorem 4.2, and thereby in Theorem 4.1, if ﬂo > 0 then we can show that (X0 , )‘0 v Mo 0{0) is a

local quasi-efficient solution of (D).
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