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Abstract: This paper deals with an 7i-th order forced differential equations with ,maxima" where #1 is at least equal to 2. These types of

equations have been proposed in the connection with the theory of optimal control to different physical systems. In the theory of
automatic control of various mechanical technological systems it often occurs that the law of regulation depends on the maximum
values of some regulated state parameters over certain past time intervals. In the literature there are only some few results about
oscillation properties of differential equations with “maxima”, which require deeper investigation of this property. In the paper various
types of sufficient conditions for approaching zero of the iterated derivative of every oscillatory solution of the given equation are
obtained. Also an estimate of the growth of the solutions is given.
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1 INTRODUCTION applied to mechanics, vibration theory, engineering and

The study of differential equations with “maxima” starts technology ([12], [13]). This proves the necessity of
with the papers of A. Magomedov [8], [9], where the first ideas investigation various properties of solutions of higher order
for linear differential equations with “maxima” have been differential equations with “maxima’. Note some initial
proposed in the connection with the theory of optimal control to oscillation results for differential equations with “maxima” are
different physical systems. In the theory of automatic control of obtain in [1] - [7], [10].
various mechanical technological systems it often occurs that 2. PRELIMINARY NOTES
the law of regulation depends on the maximum values of some Consider the following scalar differential equation with
regulated state parameters over certain time intervals ([14]). At “maxima”
the same time higher order differential equations have been

Dx(t) + a(t)F (m% x(s)) —bt)  for tza, a
Se

where X ER n=2 isan integer, I(t)=[o(t),7(t)], the functions &, T € CU, R} are such that o(t)<(t)st, and J=[a,+=), 020 is a
constant, @, 8: J =+ R, F: R =+ R and

DOx(t) = r,(t)x(t), DUx(t)=r®)(DIx()), i=1..,n
where Ti:] = (0,+00), i =01,...,n.

Remark 1. If there exists a point tf_ = & such that Cl'[:tf_:] = T(f:] then we have MaX &5y X (Sj = X(T(fj]

We introduce the following set of conditions:
H1. The functions @, T € C{J, R), o(t) = 7(t) = ¢, lim,+.. o () = 452 and there exists a positive constant il < &0
such that

sup(t —a(t)) <h. (1.2)

t>a

H2. The functions @, B € C{J, ).
H3. The functions 13, € C{J, (0, +)), k=0,1,...n—1 and =,(t) = L.
Ha4. The function F € C{R, R and there exists a constant £ = 0 such that |F{x])| = K|x| for x € R.

Remark 2. If condition H1 is satisfied then for any £ = ¢ the inequality

h>sup(t-o(t)) > t—o(t) > a - oft)

holds, i.e. 0(t) = & — h, ie. theinclusion I (t) © [ — h, @) isvalidfort = a.

Let T € [ be a given number.
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Definition 1. The function X(t} is called to be a solution of differential equation with “maxima” (1.1) on the interval [TJ +D0]l, T=a

if it is defined for t=T—-h and it satisfies (1.1) for t=T.

Definition 2. The solution x(t} of differential equation with “maxima” (1.1) in the interval [T, +DG} is said to be:

1. aproper solution if there exists a number T = T such that

sup{| x(t)|:t>T}>0 forall T, >T,c
2. non-oscillator solution, if it is a proper solution and it is either positive or negative for £ = Tx.

3. oscillatory solution, if it is a proper solution and there are infinite number of points on [TJ +'30} at which the solution changes its

sign.
Equation (1.1) is said to be oscillatory, if all proper solutions of equation (1.1) are oscillatory.

Remark 3. Note that a proper solution of equation (1.1) is GSCL'HCHGT‘}? if it has arbitrarily large zeros; otherwise it is
nonoscillatory.

The main purpose of this paper is obtaining sufficient conditions for validity of

t|imD,<‘>x(t)=o, i=01..,n-1

where X(t} is a solution of Tl-th order scalar differential equation with “maxima” (1.1).
In the paper four main cases are studied:
— the oscillatory solution *{%) of equation (1.1) satisfies x{t) = O(u(t)) as t = +oo, where p(t) is a positive
nondecreasing continuous function on _,F (Theorem 1 and Theorem 2);
— the oscillatory solution X{f) of equation (1.1) satisfies x{t) = O{A(t)) as t = +co, where A{t) is a positive
nonincreasing continuous function on _,F (Theorem 5 and Theorem 6);
— the solution X(t} of (1.1) is oscillatory (Theorem 4);

— the solution x(t} of (1.1) is bounded (Theorem 7);

are considered.
Also the growth of the solution of equation (1.1) is estimated (Theorem 3).

The main results generalize and extend results obtained by Philos ([11]) where I:-T(tjl = T(t} = g(t} and the maximum

function reduces to MaX.er¢¢) X (5) = x(g(t)).
3 Main results
Theorem 1. Let the following conditions be fulfilled:

1. Conditions H1 - H4 are satisfied.
2. The inequality

|b(s)|ds...ds, <+
J TOHA) I rnl(snl)sI '

2 n-1

holds.
3. There exists a nondecreasing function L € C U, [:':', +0'3':]:] such that

=1 0% 1 2 1 =
I (s,) !1 g (Sz)m;[ rn_l(sn_l)s! u(z(s))|a(s) | ds...ds;, <+o.

n-2 -1

Then every oscillatory solution X ( t) of equation (1.1) with x(t) = O(u(t)) as t — +02 satisfies
lim D”x(t)=0, i=0,1,.,n-1. (1.3)
t—+0
Proof Let X(f) be an oscillatory solution of equation (1.1) in the interval [Tg, +22) = J for which x(t) = O(u(t)) as

£ — 400, From condition H1 it follows that there exists | > To such that T(t) > O'(t) > To for t>T.
For any integer k, 0<k<n-1 and each t=T we have
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| Dx(0) I<

[ D™x(s) 1 ds, fork =n-1
t (1.4)

0 l «
| D™x(s)|ds..ds,,, fork <n-1.
I k+1(sk+l) sJ.2 n—l( —l)sJ. -

Indeed, since X is oscillatory, all functions Dr(i)X, i= k, k +1, ..., N —1 are also oscillatory and for any fixed £ = T
wecanchoose T;, i =k k+1,....n—1 suchthat f =1, = 1334 =...= T,y and

DPx(z,)=0, i=kk+1..n-1.

-1

Therefore, after several times integration we obtain

(-1)"*Dx(t) =

I:"'l D™x(s)ds, fork =n-1

= Tk 1 Th-2

J. D™x(s)ds...ds, ,, fork<n-1,

-1

t k+1(sk+l) Sn-2 n—l(S —1)3

Since T = Ty = Typsq =...= Ty—q, we get the inequalities

| Dx() <

jt’”*|D§“>x(s) | ds, fork =n-1
<9 1 Th2
j j j |D™x(s)|ds..ds,,,,  fork<n-1.

t k+1(sk+l) Sn2 n l(Sn 1)

The above inequality implies the validity of (1.4).

since |x(t)| = O{u(t)) as t = +co and u(t) is a nondecreasing function, there exists a constant A = 0
such that

| m% x(s) |< m% | x(s) |< Amla% u(s)=Au(z(t)), t=>T. (1.5)
sel(t sel(t sel(t

According to condition H4 and inequality (1.5) we obtain |F{max e x ()| = KAp(r(t)). substitute it in the
equation (1.1) and get

| Dr(n)X(t) I< KAu(z(t))|a(t)|+]|b(t)], for t>T. (e
From inequalities (1.4) and (1.6) we have for any integer %, 0 =k =n—1, and each £t =T

| DX () [<

KAJ.:C u(z(s))|a(s) | ds + L “|b(s) | ds, fork=n-1

()]

IA

1 .1
rk+1(sk+1).. J. e r ( _1) J. o IU(T(S)) | a(S) | dS dSk+1

o 1 1

0

L |b(s)|ds...ds,,,, fork<n-1
rk+l(sk+l) i r—l( —l) " “

Inequality (1.7) and conditions 2 and 3 of Theorem 1 imply the validity of (1.3).
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In the case when a derivative of the solution is oscillatory instead of the solution we obtain the following general result:

Theorem 2. Let the following conditions be fulfilled:
1. Conditions H1 - H4 are satisfied.

2. Forsome K:0<Kk<n-1 theinequality

[ To(s)[ds <o, if k=n-1
or
0 1 0 o0 .
— o [— j |b(s)|ds...ds,, <+, if k<n-1
rk+l(Sk+1) Sp_o r-n—l(sn—l) Snq
holds.
3. There exists a nondecreasing function 4 € C (J , (0, +OO)) such that the inequality

["uz(s)1a(s) [ds < +20, if k=n-1
S |
jm"'jmjﬂ(T(S))|a(S)|dS...dSk+1<+oo, if k<n-=1

holds, where the integer K is defined in the condition 2.
Then every solution X(t) of differential equation with “maxima” (1.1) such that X(t) = O((t)) as t — 400 andits I -

n-2 n-1

derivative Dr(k)X is oscillatory, satisfies
lim DOx(t)=0, i=kk+1,...,n-1.
t—+0

The proof of Theorem 2 is similar to the proof of Theorem 1 and we omit it.

As partial cases of the above Theorems we obtain the following sufficient conditions for asymptotic convergence of the derivatives of the
oscillatory solutions of the differential equation with “maxima” (1.1):

Corollary 1. Let the following conditions be fulfilled:
1. Conditions H1 - H4 are satisfied and
0

1b(s) Ids <-+o0, I%ds<+oo, i=1...n-1

2. There exists a nondecreasing function ££ € C(J, (0, +00)) such that

T u(z(s))|a(s)|ds < +oo.

Then every oscillatory solution X(t) of differential equation with “maxima” (1.1) such that X(t) = O(,u(t)) as I > +o0
satisfies lim Dr(i)X(t) =0,i=0,1...,n-1.
t—+o0

Corollary 2. Let the following conditions be fulfilled:
1. Conditions H1 - H4 are satisfied.

2. There exist constants T = ¢ and C > 0 such that r,(t) >Cfri=01....n=-1.t>T,
3. The inequality

0

[s™1b(s) [ds < +o0

holds.
4. There exists a nondecreasing function £ € C(J, (0, +0)) such that
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Ts”‘ly(r(s)) |a(s) | ds < +oo.

Then every oscillatory solution X(t) of differential equation with “maxima” (1.1) such that X(t)O(u(t)) as t — +oo
satisfies 1im Dr(i)X(t) =0, i= 0,1...,n-1.
t—+o0

Define functions Rk J - (0, +OO), k= 0,1,...,n=1 by the equalities:
1, fork =0
R (t) =t 5 St
) I L 1 J' 1 ds,...ds,, forO<k<n-1
AACHAACH B ACH)
and set R(t) = Rn_l(t).
For K=0,1,...,n—1and t >T we define the functions
1 fork=0
G (t,T)=<"t % St
«(tT) 1 1 j 1 ds,
T (8)7 (s) 1 h(s)

..ds;, forO<k<n-1

Note that G, (t,a) = R, (0.

Introduce the following conditions:
ms. lim inf ry(t) > 0.

t—>+o0

He. lim R"—(tt))<+oo,k=0,1,...,n—1.

t—>+o0

. | "R(z(t) | a(t) | dt < +oo.
He. [ b(t) | dt <+,

Theorem 3. Let conditions H1 - H8 be fulfilled.
Then every solution X(t) of differential equation with “maxima” (1.1), which is defined for t> To 2> (o satisfies

X(t)=0O(R(t)) as t— +w.

Proof Let X(t),tZtO > (¢ be a solution of equation (1.1). According to condition H1 there exists =T, such that
t(t)2o(t) 2T, t=>T.

From equation (1.1) we obtain for t>T

DOX(t) = Z DYX(T)G, (t,T)+ j

Sn-2

11
r(s)Ir(S) lnl(snl)

_[ D{"x(s)ds...ds,,
and therefore
n-1 t
LX) < D IDEPX(T)| R (1) +R(t) j DMx(s)|ds, t>T. ag
k=0 T

It follows from conditions H5 and H6 that there exists C > 0 such that
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n-1
Lt)>c, R()<cR@) for t=T and > IDHx(T)I<c.
k=0
From inequality (1.8) we get
t
| X(t) [< cR(t) +1 R(t)j|Df")x(s) |ds, t>T. (1.9)
c T

Inequalities (1.9) and

| m% X(s) < m% | X(s) | ¢, m% R(s) =c,R(z(t)),
sel(t sel(t sel(t

where C, > 0 imply that
t
| x(t) [< R(t) c+1J' Io(s)[+a(s)|K| max x(&)||ds
°7 gel(s)

1t

<RO)c+- { [|b(s)|+|a(s)|KcOR(f(s))]ds (1.10)

<R(t){c+t of|b(s)|ds+of|a(s)|KCOR(T(S))ds
ClT T

It follows from (1.10) and conditions H7 and H8 that

| X(t)|<MR(t) for t>T and some M >0.
This means that X(t) = O(R(t)) as t —> +oo.

Theorem 4. Assume that conditions H1 - H6 and

T 1 %1 =
'[ G(Sl);[ r,(S;) s'[ ra(S,4) Sj [B(s)]ds....ds, <-+oo

n-2 n-1

2 % . .
I l’l(Sl);[ r,(s,) i .s;l_.z ra(Shs) Rz(s))la(s)[ds...ds, <+o.

Then every oscillatory solution of differential equation with “maxima” (1.1)

satisfiest“m Dr(i)X(t) =0 for i=0,1...,n-1.

P roof: Theorem 4 is a corollary of Theorem 1 since the function ,u(t) = R(t) is nondecreasing.
Now we will consider the case when the function y(t) in Theorem 1 is a nonincreasing one.
Theorem 5. Let the following conditions be fulfilled:

1. Conditions H1 - H4 are satisfied.
2. The inequality

=1 % 1 =1 =
I I’l(Sl)-s[ r, (32)"'5.[ r.(s.,) SI |b(s)|ds...ds, <+

n-2 n-1

holds.
1. There exists a nonincreasing function 4 € C(J, (0,+00)) such that

© 4= 9 . .
I rl(sl)'s{ r,(S,) B .sJ’ r1(S,4) Ao (s)]a(s)|ds...ds, <+,

Then every oscillatory solution X(t) of differential equation with “maxima” (1.1) such that X(t) = O(A(t)) as t — +o0

n-2
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satisfies tlim Dr(i)X(t) =0+fri=0,1,...,n-1.

Proof Let X(t) be an oscillatory solution of equation (1.1) in the interval [T0,+OO) C J for which X(t) = O(ﬂ(t)) as
t — +00. since the function ﬂ,(t) is nonincreasing, there exists a constant B >0 such that
| mla}>§ X(s) |€ m% | x(s)|< B mla}>§ A(S)=BA(o(t)), t=>T. (111
sel (t sel (t sel (t

Then from condition H4 and inequality (1.11) we get

| F (m% X(s)) K K| m% X(s) £ KBA(a(t)), t=>T (1.12)
Se Se
From equation (1.1) and inequality (1.12) we obtain
| D™x(t) |< KBA(o(t) | a(t) |+b(t), t>T. (1.13)
As in the proof of Theorem 1 we set up the validity of inequality (1.4). From inequalities (1.4) and (1.13) it follows
| DOx(t) <
Ksz(a(s)) |a(s)| ds+ jfp(s) |ds, for k=n-1
0 1 © 1 «© (1.14)
<{KB| [ A(o(s)1a(s)ds...ds,
t r.k+1(sk+1) S r.k+1(sk+l) Sug
+ j . [ 1b(s)|ds....ds,.;, for k<n-1.
t rk+ Sk+1 Sn2

foranyinteger K, 0<k <n—-1andeach t >T.
The inequality (1.14) and conditions 2 and 3 of Theorem 5 proof the claim of the Theorem.

In the case when a derivative of the solution is oscillatory instead of the solution and the existing function ﬂ,(t) is
nonicreasing we obtain the following result:

Theorem 6. Let the following conditions be fulfilled:
1. Conditions H1 - H4 are satisfied.

2. Forsome K: 0<Kk <n-1 theinequaliy

["To(s) | ds < oo, if k=n-1

or

o1 T 1 .
|b(s)|ds...ds,,, <+, if k<n-1
k+1(sk+1) Sn_2 n—l( —l) SJ.1 !

holds.

3. There exists a nonincreasing function 4 € C(J,(0,400)) such that the inequality
j " Ao (s)) | a(s) | ds < +oo, if k=n-1
or
0 1 o0

J'/I(a(s))|a(s)|ds .ds,, <+, if k<n-1

-1

rk+1(sk+l) S n l( n 1) Sy,

holds, where the integer K is defined in the condition 2.
Then every solution X(t) of differential equation with “maxima” (1.1) such that X(t) = O(ﬂ(t)) as t — 400 and its

I' -derivative Dr(k)X is oscillatory, satisfies 1im Dr(i)X(t) =0+fri=0,,...,n-1.
t—+o0
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As a partial case of Theorem 5 we obtain the following sufficient conditions:

Corollary 3. Let the following conditions be fulfilled:
4. Condition 1 of Corollary 1 is satisfied.

5. There exists a nonincreasing function A € C(J,(0,+00)) such that

[Ala(s) [a(s) | ds < +eo.
Then every oscillatory solution X(t) of differential equation with “maxima” (1.1) such that X(t) = O(ﬂ,(t)) as t — 4o
satisfies lim Dr(i)X(t) =0+fri=0,1...,n-1.
Corollar;:frolfet the following conditions be fulfilled:

1. Conditions 1, 2, and 3 of Corollary 2 are satisfied.
2. There exists a nonincreasing function such that

j s" A (o (s)) | a(s) | ds < +oo. (L.15)
Then every oscillatory solution X(t) of differential equation with “maxima” (1.1) such that X(t) = O(l(t)) as I — 400 satisfies
lim DOX(t)=0 for i =0,1,...,n—1.
Remark 4. In the case, when o (t) = 7 (t) = g(t), max X(s) = x(g(t)) the assumption that ££(t) and A(t) are monotonic is

unnecessary. This case is considered in [11].

The following theorem is corollary of Theorem 5 (with A= l) and it concerns the bounded solutions of equation (1.1).
Theorem 7. Let the conditions 1 and 2 of Theorem 1 be fulfilled and

|a(s)|ds...ds, <+oo.
Jrl(sl)! I,(S,) I ra(Ss) J '

Then every bounded solution X(t) of differential equation with “maxima” (1.1) satisfies
limDx(t)=0 for i=0,1,...,n-1.
t—+0
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